A semi-analytical study of the acoustic radiation losses associated with various transverse vibration modes of a micromechanical (MEMS) annular resonator is presented. The quality factor, Q, of such resonators is of interest in many applications and depends on structural geometry, interaction with the external environment, and the encapsulation method. Resonators with at least one surface exposed to air can display losses through acoustic radiation even at µm dimensions. Published experimental results suggest the dominance of acoustic losses in the Q of a MEMS drum resonator. In this study, a well established mathematical techniques to analytically model resonator vibration modes and fluid-structure interaction are used, and a semi-analytical procedure for computing Q due to acoustic radiation losses, Qac, in any vibrational mode outlined. Present technique includes calculation of the exact mode shape and its utilization in computing Qac. The dependence of Qac on the first 15 mode shapes is computed. Results are compared for the lowest 2 modes of a solid circular resonator using exact mode shapes to those of Lamb's approximate mode shapes. Comparison to published experimental results validates the predictive utility of the technique, especially for higher modes where acoustic radiation seems to be the dominant constituent of Q.
Mechanical resonators can have significant advantages such as small size, low power operation 1 and the ability to be integrated into CMOS structures 2 yielding high quality factor (Q) devices 3 for use as RF filters 4 and for mass sensing 5 . For chemical sensing, the route that uses changes in stress to monitor the presence of trace vapors from the ambient air is particularly attractive 6, 7, 8 . In this sensing method, a polymer coating applied to one side of the mechanical resonator changes its morphology, swelling or contracting and thus altering the stress in the underlying silicon structure, which in turn produces a shift in the resonant frequency. However, the fact that the vibrating mechanical structure must be immersed in air so as to enable the sensing mechanism has consequences, since the presence of the air leads to mechanical energy loss to the medium. The loss increased dissipation Q −1 , is manifested as a broadening of the resonant peak, leading to a degradation of the ability to resolve frequency shift and consequently reduction in the sensitivity to analyte concentrations. It has long been recognized that there are two main sources of energy loss of such micron scale resonators. The first, termed squeeze film losses are due to the trapped film of air under a vibrating resonator 9, 10 . The second loss mechanism is where the vibrating structure couples acoustically to the air. This paper quantifies the loss due to acoustic radiation for a conceptually simple readily fabricated structure: an annular plate fixed at its edges. We show that the acoustic losses can be reduced by operating the structure at higher harmonics, where the phase difference between adjacent moving segments at various vibrating modes of the resonator leads to a reduction in radiated energy.
A circular plate vibrating in contact with surrounding fluid, is of significant interest in wide range of systems such as the piston movement in contact with fluid in a closed cylinder 11 , ocean structure moving underwater 12 , movement of magnetic disk drive in contact with air 13 , vibration of nano circular drum resonator in contact with surrounding fluid in case of pressure sensors 14 , microfluidic device with circular membrane 15 , etc. There are two main effects associated with such systems due to the coupled effect of fluid-structure interaction. In the first, the "added mass effect" reduces the effective resonance frequency. In the second, the acoustic radiation affects the quality factor of the vibrating structure. This fluidstructure problem is analyzed numerically using the finite element method or boundary element method for com-plex domains and analytically for simple domains. In this paper, we present an analytical procedure to analyze the acoustic radiation losses in higher modes of the vibrating annular plate with fixed outer boundaries.
Lord Rayleigh 16 was probably the first to study analytically the effect of the mass loading of the surrounding fluid on a vibrating rigid disk in contact with the fluid and suggest the idea of "added mass". This classic problem was then studied by Lamb 12 to investigate the added mass induced change in the first two natural frequencies of a circular plate, fixed along its outer edge and vibrating in contact with a fluid. In addition to the frequency change, he also found the acoustic radiation losses corresponding to those two modes. These results have been validated experimentally by subsequent studies. It is, however, important to note that Lamb's results are based on approximate mode shapes. Revisiting this problem, Amabili et al. 17, 18 used the Hankel transform to analyze the added mass effect on the frequency of the structure vibrating in its fundamental and higher modes. However, their study was limited to analysis of the added mass effect. Such fluid-structure interaction effects have recently been analyzed in the context of Micro and Nano Electro Mechanical Systems (MEMS/NEMS) structures. Unlike in the case of macroscale problems where the surrounding fluid is assumed to be incompressible and inviscid, the experimental validation of Lamb's theory was done examined for a microsensor working in the presence of a viscous fluid (water-glycerol mixture) 19 . Experimental results were found to be in good agreement with Lamb's predictions for a less viscous fluid mixture (< 10 cP) but differed for fluid mixtures with higher viscosity. The difference was attributed to the viscosity contribution to the added mass effect qualitatively 19 as well as quantitatively 20 . Considering the first approximate mode shape of a circular plate vibrating in contact with the surrounding fluid, Kozlovsky 20 analyzed the effect of viscosity on the natural frequency as well as the quality factor. Recently, Olfatnia et al. 21 have compared theoretical and experimental results for analyzing the effect of viscosity of the surrounding fluid on the frequency as well as the quality factor of a circular diaphragm vibrating in its first mode.
Our central interest in the present study is to find acoustic losses and the associated quality factor in various modes of vibration of an annular micromechanical resonator (a MEMS plate) clamped at its outer edge in order to assess the suitability of higher modes to high-Q applications. The annularity of the resonator results from the requirement of an etch hole typically used in the micromachining technique to create a cavity underneath the resonator by etching away the supporting oxide material starting from the etch hole. Although the etch holes can be many and spread over the plate, a central etch hole serves the purpose and creates the simplest resonator structure 14 . The annular resonator is also particularly amenable to analytical treatment for studying acoustic losses and building mathematical models for predicting the Q-factor.
In order to analyze acoustic radiation losses associated with various modes of vibration of the annular plate, we first derive the exact mode shapes of the structure ignoring any effect of the surrounding fluid (air) on the mode shape. We use these mode shapes to study the effect of the surrounding fluid on the associated natural frequencies and the Q-factor. Since the surrounding fluid is air, the effect of "added mass" on the frequencies of the structure is negligible. The effect of the surrounding air on the Q-factor, however, is significant because of the acoustic radiation losses which is the subject matter of this paper. We extend the analytical approach proposed by Amabili et al. 17, 18 to higher modes, establish an analytical calculation procedure involving symbolic algebra, find the acoustic radiation losses, and compare our results, first, with Lamb's results for the first two modes, and then some published experimental results 14 for the higher modes of the resonator.
II. MATHEMATICAL MODELING
In this section, we present the mathematical background for computing the acoustic radiation losses due to a vibrating annular plate of free inner edge and fixed outer edge. The annular plate, with the inner radius a and the outer radius b in contact with the hemispherical surrounding fluid on its upper surface as shown in Fig. 1 . First, we find the expression for the exact mode shapes of the vibrating annular plate in vacuum. Subsequently, using the same mode shapes, we present the procedure for computing the acoustic radiation losses.
A. Modal Analysis of Annular Plate
The vibration of annular plates with fixed outer boundary is widely analyzed for different applications. Under the assumptions of a thin plate made of isotropic, homogeneous, and linearly elastic material, the equation governing the transverse deflection W (r, θ, t) of the plate for undamped, free vibration can be written in polar coordinates as, 22, 23, 24 
where, the Laplacian operator
and D = 12(1−ν 2 ) is flexural rigidity of the plate, ρ s is the density and d 0 is the uniform thickness of the plate. Assuming that the plate vibrates in a normal mode, W can be expressed as,
Substituting eqn. (2) in eqn. (1) and then rearranging the resulting equation, we get the modal equation as,
where,
dry is the frequency parameter. The modal solution w(r, θ) can be expressed in terms of Bessel functions as described in Appendix (A) and is given by,
where, J n is the Bessel function of the first kind, Y n is the Bessel function of the second kind, I n and K n are the modified Bessel's functions of the first and second kind, respectively.
For the annular plate with the fixed outer edge and free inner edge as shown in Fig. 1 , the following boundary conditions can be used.
At the outer radius r = a, w = ∂w ∂r = 0 and at the inner radius r = b the bending moment
∂θ 2 ) = 0 and the shear force
w r ) = 0 . On applying these boundary conditions, we get the system of four linear and homogenous equations for the four constants A mn , B mn , C mn and D mn which we list as eqns.(B1)-(B4) in Appendix B. For a non-trivial solution of these constants, the determinant of the coefficient matrix given by eqn. (D1), Appendix D, of the above equations is set to zero, which gives the required characteristic equation governing the frequency constant β. Since the characteristics equation given by eqn. (D1), Appendix D, is difficult to solve analytically, we employ a numerical technique based on the bisection method for finding roots in MATLAB to estimate β. The different solutions of β are the natural frequencies, f dry , for different modes. For a given value of β, the corresponding constants A mn , B mn , C mn , and D mn can be determined by solving the system of linear homogenous equations (B1)-(B4). Since the equations are homogenous, these constants can be expressed in terms of any one (say D mn ) of these constants. Therefore, expressing the constants A mn , B mn , C mn in terms of D mn and substituting them in eqn. (A10), the mode shape can be written as
Normalizing the mode shape based on the normalization condition,
where, α = r/a, we get the expression of D mn as
For a particular resonant mode of vibration of the annular plate, the computed D mn from eqn. (6) can be used to determine other constants A mn , B mn and C mn respectively.
For the limiting condition of the annular plate when the radius of the inner hole goes to zero, i.e., a solid plate, we find, following a similar procedure as described above, that Y n and K n tend to infinity as r tends to zero 25 . As w is finite at the center of the plate, we must set B mn and D mn to be zero. The resulting deflection profile takes the form, 24, 25 
Using the boundary conditions and following a similar procedure as described above, we get the following characteristic equation,
Again, solving the above characteristic equation for β and using the normalization condition, we can obtain expression for values of A mn and C mn . Most of the fluid structure interaction problems 12 use a polynomial approximation for the mode shapes. However, such approximation introduces errors in estimating the damping from the fluid-structure interaction. In the present analysis, we use exact mode shapes for estimating the acoustic radiation losses in different mode shapes.
B. Estimation of Acoustic Radiation Losses
In the previous section, we found the natural frequencies and corresponding mode shapes of the annular plate vibrating in vacuum. When the plate vibrates in contact with the relatively denser surrounding fluid than air, the change in the mode shape of the plate is assumed to be negligible but there is a non-negligible reduction in the modal frequency. Such hypothesis has been used in many fluid-structure interaction problems 17, 18, 27 . However, we consider the corresponding changes in frequency in our formulation for estimating the acoustic radiation losses in the surrounding fluid.
As the annular plate vibrates, a disturbance is created in the fluid adjacent to the plate, which causes the wave motion to introduce the pressure fluctuations at all points in the fluid domain 28 . Considering the surrounding fluid as irrotational and inviscid at constant ambient mean pressure p 0 , temperature T 0 and density ρ f , the pressure fluctuation above p 0 and the particle velocity can be found in terms of the velocity potential φ through the equation, 11, 28 p = −ρ f ∂φ ∂t and v = ∇φ.
The governing equation for the velocity potential corresponding to small disturbances is given by, 11,28,29
where c s is the speed of acoustic waves in the fluid. The incompressibility condition ∇.v = 0 leads to the Laplace equation in terms of φ, i.e., ∇ 2 φ = 0. Therefore, it is sufficient to find the velocity potential field in order to analyze the propagation of waves in the fluid medium.
For the domain shown in Fig. 1 , the fixed outer support (i.e., for r > a) is assumed to be radially extended to infinity. For the hemispherical fluid domain enclosing the upper surface of the annular plate and the support, along with the Sommerfield boundary conditions, i.e., velocity and its gradient vanish as r → ∞, the velocity potential can be obtained by solving the wave equation as mentioned above.
To find the velocity potential at a generic point P due to an elementary source at S as shown in Fig. 2 , we follow the analysis given by Lamb 12 . Let the position co-ordinates of point P be (R sin ξ cos ψ, R sin ξ sin ψ, R cos ξ), and that of S on elemental surface area dS in the plane of the resonator be S(r cos θ, r sin θ, 0). The distance r ′ of the the point P from the source position S is given by
Since at the far field point P , R ≫ r, the expression for r ′ can be approximated as,
Assuming that the normal component of the velocity of the fluid at the plate interface is same as that of the plate, the fluid velocity v n = ∂W ∂t at point S on the upper surface of the annular plate can be written in terms of the mode shape w(r, θ) defined in section II.A. When the energy loss in the form of acoustic radiation is accounted for (damped structural response), we need to modify eqn. Let v n = Aχ(r) cos nθe iωt , where A = iCω. We also know that because of acoustic radiation losses, the amplitude A has to be time dependent, but its time dependence remains to be determined. So, at this point, we assume that,
where
, ω is the frequency of the vibrating plate when in contact with the fluid. The velocity potential at a distance R from the center of the resonator, or at a distance r ′ from the elementary surface dS due to the disturbance at S is given by, 
the velocity potential becomes,
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From this expression of velocity potential, one can calculate the pressure fluctuation and velocity using eqn. (9) . Taking the real part of the velocity potential,
J n (kr sin ξ)χ(r)rdr, (19) corresponding to the real part of the velocity ∂W ∂t = χ(r) cos (nθ) cos (kc s t), the intensity of the acoustic wave at any point at distance r ′ can be written as the product of pressure and particle velocity at that point 11 . The corresponding power radiated across a hemispherical surface of radius R, is obtained by integrating the intensity over the hemispherical fluid domain as
The mean flux of energy emitted in the form of sound waves is given by
The expression for U is obtained by substituting the velocity potential, φ r in the power radiated eqn. (20) and performing time averaging as in eqn. (21) . The parameter U depends on fluid properties, geometric properties and frequency of oscillation of the resonator and is given by,
The total energy pumped into the system by the source is the mean kinetic energy of the plate and the adjacent fluid, 12 ,18
where T P is the mean kinetic energy of the resonator, and β mn is the added virtual mass incremental factor 18 as mentioned in appendix E. The mean kinetic energy T P is given by,
On equating the rate of decay of input energy from the source, i.e.,
with the rate of energy emitted into acoustic field, i.e., eqn. (21), we get 12 .
where δ = U/V , the closed form expression for δ is given by,
Equation (26) shows that the amplitude diminishes exponentially with an exponential constant δ. On equating this constant δ with the decay constant, ζω wet of the damped linear oscillator 31 , we get ζ = δ/ω wet . Based on the definition of quality factor 31 , we get
where ω wet = 2πf wet , f wet is the frequency of the vibrating plate in contact with the fluid. Although the final expression of the quality factor looks very simple, it requires the computations of δ and β mn which are mode dependent. Since the computation of these parameters requires successive differentiation and numerical integration, we perform these steps in MATLAB and MAPLE. The entire set of calculations is somewhat involved but algorithmic. We, therefore, present the sequence of calculations to be done as a schematic flow chart in Fig. 3 . There are three major computational blocks that we have tried to present separately for conceptual clarity. As is evident from Fig. 3 , the computation involves one FEM analysis along with computer algebra and general numerics.
We can also use the procedure described above to compute the quality factor for a solid circular plate by setting b = 0 and χ(r) = A mn J n (βr) + C mn I n (βr). In the subsequent section, we compare the quality factor obtained using exact mode shapes as described in this paper with that using approximate mode shapes based on Lamb's formulation 12 for the first two modes of plate. Next, we use the analysis presented here to compute the quality factor for the annular resonator in higher modes, covering 15 modes. We also compare the computed quality factor with experimentally obtained values 14 in the higher modes where acoustic radiation dominates the losses.
III. RESULTS AND DISCUSSION
We first compute the quality factor for a clamped solid circular plate vibrating in contact with the surrounding medium. We concentrate on the first two modes. We compare our results with those of Lamb.
To do the analysis, we take the following dimensions and material properties of the structural and the fluid 
5 Pa. For the analysis of the solid plate, we simply take the inner radius to be zero, i.e., b = 0 and rest of the parameters remain the same.
A. Solid circular plate
We compare the frequency and quality factor based on the exact mode shapes given by eqn. (7) and the approximate mode shapes used by Lamb for the first two modes. Fig. 4 and 5 show the comparison between the normalized exact mode shape (ems) and the normalized approximate mode shape (ams) for the axisymmetric mode shape with zero nodal circle, i.e., (m = 0, n = 0) and single nodal diameter mode (m = 0, n = 1), respectively. As is evi- dent from these figures, the exact mode shape differs from the approximate one in spatial amplitude variation. The variation is significant enough to cause non-negligible differences in the radiated acoustic power. This is precisely what we see in the computed values of corresponding Q, listed in Table I . The difference in amplitude variation across the plate between the two mode shapes causes very significant change in the corresponding Q. In particular, the approximate mode shape used by Lamb in the second mode overestimates the radiative losses by as much as 42%. This approximation may lead to even bigger difference when we try to compute the Q's for an annular plate in the next section.
B. Annular plate
We now consider the annular plate shown in Fig. 1 . We intend to compare our analytically computed results with experimental results of Southworth et al.
14 . Therefore, we take the geometry and the material properties used in Southworth et al. for their drum resonator. For this resonator, the annular plate has fixed outer edge with the ratio of inner to outer radii as 0.1. Moreover, the lower surface of the plate is close to another fixed-fixed plate but the upper surface is open to the surrounding air. Based on this geometric configuration, there are two major sources of energy dissipation: the squeeze film damping due to the trapped air film in the cavity below the resonator and the acoustic damping due to the acoustic radiation in the free space above the resonator surface. We use the procedure outlined in section II to obtain the exact mode shapes of the resonator and use these mode shapes to compute the corresponding Q for each mode. The results are shown in Fig. II . We also include the experimental results reported by Southworth et al. in this table. Our focus here is on computing Q ac -the quality factor associated with acoustic radiation losses -and understanding its variation in different modes of vibration. Because acoustic radiation is not the only damping mechanism, we do not expect to match the experimentally obtained Q values with the computed Q ac values here. A comparison of the two Q's listed in Fig. II clearly indicates that the relative contribution of Q ac is very low in the lower modes of vibration and becomes dominant in the higher modes. It is well known that squeeze film damping is high at lower frequencies 15 and hence probably contributes maximum to the damping up to the 4 th mode of vibration. Fig. 6 shows the computed values of Q ac graphically. It is interesting to see that the variation in Q ac is not monotonic with increasing frequency over the entire frequency range. It has a markedly different behavior in the lower modes (upto 5 th mode), but settles down to a more predictable, almost monotonic trend, in the higher modes. The unsettled behavior in the lower modes can be explained qualitatively by looking at the corresponding mode shapes in Fig. II and pondering over the relative efficiency of these modes in transferring the resonator's energy into the acoustic radiative field. As the mode number increases, the resonator starts behaving like many point sources and addition of more such sources with increasing mode number makes less and less difference to Q ac leading to a somewhat predictable, monotonic and slower increase in Q ac .
We know that 1/Q net = 1/Q ac + 1/Q rest . We use this relationship to evaluate the relative contribution of Q ac to Q net (which is the Q exp here). The last column of Fig. II lists this contribution as a percentage of Q net (computed from Q exp /Q ac because of reciprocal realtionship). This column clearly shows the dominance of Q ac in higher modes. Fig. 7 is a graphical representation of Q ac and Q exp in the acoustic radiation dominated modes. This figure shows that Q ac and Q exp are close to each other in these modes and thus the net Q is predominantly dependent on the acoustic radiation. Hence any effort to enhance Q in these modes should focus on decreasing acoustic radiation losses.
We also investigate the influence of the ratio of inner and outer radii on the quality factor. We observe a marginal increase in the acoustic quality factor with increasing radii ratio for all representative resonant modes shown in Table III . It is not until b/a = 0.7 (representing about 1/2 of the plate area as the hole) that we see a significant change in Q ac , particularly in lower resonant modes (see Fig. 8 ). At higher modes, the increase in Q ac is marginal even for this large b/a ratio. This is along expected lines as the resonator radiates less and less acoustic power in the higher modes and any reduction in the resonator area results in much smaller reduction in the effective radiating area. 
IV. CONCLUSIONS:
In this paper, we have presented a procedure for computing acoustic damping in various modes of vibration of an annular plate with fixed outer edge using exact mode shapes. A solid circular plate is treated as just a special case with the inner radius set to zero. The results for a solid circular plate are compared with those of Lamb where he used approximate mode shapes and gave expressions for acoustic radiation losses in the first two modes. We have shown that the difference in the exact mode shape and the approximate mode shape results in considerable difference in the Q-factor, particularly in the second mode. We have also computed the Q-factor associated with acoustic radiation for various modes of a micromechanical drum resonator and compared the results with published experimental values where the experimental results report the net Q in various modes. We have shown that the contribution of Q ac to the net Q is dominant for higher modes (above the 5 th mode of vibration) and accounts for almost 80% of the net Q. This result shows that for two dimensional micromechanical resonators, one should use those modes of vibration that emit least amount of acoustic energy to obtain highest possible Q.
